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Abstract 

In the paper, we establish a blow-up criterion in terms of the integrability of the density for 
strong solutions to the Cauchy problem of compressible isentropic Navier-Stokes equations in 

with vacuum, under the assumptions on the coefficients of viscosity: > A. This extends 
the corresponding results in |201 136] where a blow-up criterion in terms of the upper bound of 
the density was obtained under the condition 7/i > A. As a byproduct, the restriction 7/i > A in 
[121 137] is relaxed to ^ > A for the full compressible Navier-Stokes equations by giving a new 
proof of Lemma 13.11 Besides, we get a blow-up criterion in terms of the upper bound of the 
density and the temperature for strong solutions to the Cauchy problem of the full compressible 
Navier-Stokes equations in R'^. The appearance of vacuum could be allowed. This extends the 
corresponding results in [37] where a blow-up criterion in terms of the upper bound of (p, i, 9) 
was obtained without vacuum. The effective viscous flux plays a very important role in the 
proofs. 
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1 Introduction 



The full compressible Navier-Stokes equations in M are written as follows: 
'pt + V-(H = 0, 

< {pu)t + div{pu®u) +VP = dw{T), (1.1) 
^ {pE)t + div{pEu) + div(Pn) = div{T u) + div{KV0). 

Here T is the stress tensor, given by 

T = p {Vu + {Vu)') + Xdiv uIn, 

where is a. N x N unit matrix; p = p{x, t), u = u{x, t) : x (0, c«) — t- M^, and 9 = 6{x, t) are 
unknown functions denoting the density, velocity and absolute temperature, respectively; P, E and 

I |2 

K denote pressure, total energy and coefficient of heat conduction, respectively, where E = e + 
(e is the internal energy), and k is a positive constant. Here, the state equations of P and e is of 
ideal polytropic gas type: 

p = ape, e = CqO, 

where a and Co are two positive constants, p and A are the coefficients of viscosity, which are 
assumed to be constants, satisfying the following physical restrictions: 

p>0, 2p + NX>0. 

For isentropic fluids, the compressible Navier-Stokes equations become 

Pt + V- (pu) = 0, 2^ 
{pu)t + div(pii (8) u) + VP = pAu + {p + A)Vdivu. 

Here P satisfies the equation of state of an ideal fluid: 

P = ap'f, (a > 0, 7 > 1). 

The compressible Navier-Stokes system is a well-known mathematical model which describes the 
motion of compressible fluids (refer for instance to [25] and references therein) . There are so many 
known results on the well-posedness of solutions to (jl.ip and ()1.2p . In the absence of vacuum 
(vacuum means p = 0), please refer for instance to [TSl El [231 [2S1 [2^1 [271 [301 [311 [3S] and references 
therein. 

We give a brief survey on the well-posedness of solutions to (|1.2p and (jl.ip with vacuum. First, 
for (jl.2p . there has been made great progress since Lions' work. More precisely, the existence of 
global weak solutions to (II. 2p with large initial data in was flrst obtained by Lions in [28], 
where 7 > for = 2 or 3. Feireisl et al in fl5] extended Lions' work to the case 7 > | for 

= 3. For solutions with spherical symmetry, Jiang and Zhang in [24] relaxed the restriction on 7 
in [28] to the case 7 > 1, and got the global existence of the weak solutions for = 2 or 3. On the 
existence and regularity of weak solutions with density connecting to vacuum continuously in ID, 
please refer to [29j . During the pass two decades, Salvi, Choe, Kim and Jiang et al made progress 
towards the local or global existence of strong solutions with vacuum, see [H [H [TTl 134] . On the 
classical solutions, refer to [6] for the local existence in three space dimension, and refer to [21] 
for global existence with small initial energy in 3D, and refer to [9] for global existence with large 
initial data in ID. Secondly, for (II. ip . the results on the global existence of weak solutions can be 
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referred to [H [T3] ) . More precisely, Feireisl in [T3] got the global existence of variational solutions in 
dimension N >2. The temperature equation in [H] is satisfied only as an inequality in the sense of 
distributions. Feireisl's work is the very first attempt towards the global existence of weak solutions 
to the full compressible Navier-Stokes equations in high dimensions. In order that the equations 
are satisfied as equalities in the sense of distribution, Bresch and Desjardins in [2] proposed some 
different assumptions from [14J, and obtained the existence of global weak solutions to the full 
compressible Navier-Stokes equations with large initial data and density-dependent viscosities in 
or M^. On the regularities of the solutions to (jl.ll) when vacuum is allowed, please refer to [5] for 
the local existence and uniqueness of strong solutions in bounded or unbounded domains C R^, 
and refer to [40] for the global existence and uniqueness of classical solutions with large initial 
data in a bounded domain I C M^, and refer to |41j for the the global existence and uniqueness 
of spherically or cylindrically symmetric classical solutions with large initial data in a bounded 
domain C R'^. 

It should be noted that one would not expect better regularities of the solutions of (jl.ip or 
(jl.2p in general because of Xin's results (^42]) and Rozanova's results ([33]). It was proved that 
there is no global smooth solution to the Cauchy problem of (jl.ip or (jl.2p . if the initial density 
is nontrivial compactly supported ([12], = 1 for ()1.2p and > 1 for or the solutions 

are highly decreasing at infinity ([33], > 3 for (jl.2p and (jl.ip ). In fact, a similar problem 
which is largely open for the incompressible Navier-Stokes equations in M^, i.e., whether the global 
smooth solutions exist or not, was proposed as one of the Millennium Prize Problems by Clay 
Mathematics Institute (CMI) (see [3j, 57-67: Charles L. Fefferman, Existence and Smoothness of 
the Naiver-Stokes Equation). These motivate us to find some possible blow-up criterions of regular 
solutions to (jl.ip and (jl.2p . especially of strong solutions. Such a problem has been studied for the 
incompressible Euler equations by Beale-Kato-Majda in their poineering work [1], which showed 
that the L^L^-bound of vorticity V x u alone controls the breakdown of smooth solutions. Later, 
Ponce [32] rephrased the BKM-criterion in terms of the deformation tensor Tij = djU^ + diU^ . 
Recently, some results on the blow-up criterions have been done for some related models, such as 
compressible liquid crystal system which is the one coupling compressible Navier-Stokes equations 
with heat flow of harmonic map, see for instance |18j I19j. 

Before stating our main result. We would like to give some notations which will be used through- 
out the paper. 

2 Main results 

Before stating our main results. We would like to give some notations which will be used throughout 
the paper. 

2.1 Notations 



(i) /k3/ = /k3/o!x. 



(ii) For 1 < / < OO, denote the L' 



spaces and the standard Sobolev spaces as follows: 



u 



G LL(M3) : IIV^II^, < oo} 



w'''^ = n d''^\ = iy*^'2, = d^^'^, 




6 . 
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||u||£,fe,i = ||V^n||^i. 

(iii) For two 3x3 matrices E = {Eij),F = (Fij), denote the scalar product between E and F 

by 

3 

E : F = ^ EijFij. 

i,j=i- 

(iv) G = {2fi + X)divu — P is the effective viscous flux. 

(v) h = ht + u ■ Vh denotes the material derivative. 

2.2 Compressible isentropic N-S: a blow-up criterion in terms of the integra- 
bility of the density 

The constant o in the pressure function plays no roles in the analysis, we assume a = 1 henceforth. 
If the solutions are regular enough (such as strong solutions), (jl.2p is equivalence to the following 
system which is very usefull in the proofs of the main theorems: 



Pt + V ■ (pu) = 0, 

put + pu ■ Vu + VP = pAu + {p + A)Vdivn, in 



(2.2.1) 



System (j2.2.ip is supplemented with initial conditions 

{p,u)\t=o = ipo,uo), xeM.^ (2.2.2) 

with 

p{x,t) 0, u{x,t) ^ as |x| oo, t> 0. (2.2.3) 
We give the definition of strong solutions to (12.2. ip throughout the paper. 

Definition 2.2.1 (Strong solutions) ForT > 0, {p,u) is called a strong solution to the compressible 
Navier-Stokes equations i2.2.1\) - [K273\) in M.^ x [0,T], if for some q G (3,6], 

< p £ C{[0,T];W^''> n n L^), pt e C7([0,r];L2nL'2), 
«GC([0,r];Z)2nL'i)nL2(0,r;L>2,<?), u^^ L^{Q,T-DI), ^ut £ L^{0,T;L''), 

and {p,u) satisfies \2.2.1\) a.e. in x (0,r]. 

Our main result for compressible isentropic Navier-Stokes equations is stated as follows: 

Theorem 2.2.2 Assume po > 0, po & L'^ n D W^''^, for some q G (3, 6], uq G D'^ n D^, and the 
following compatibility conditions are satisfied: 

pAuo + {p + A)Vdiv'Uo - VP{po) = VPo5> x e M^ (2.2.4) 

for some g G L'^. Let {p,u) be a strong solution to \2.2.1\) - [K23i) in x [0,r]. If < T* < +oo 
is the maximum time of existence of the strong solution, then 

lim sup ||p||l°°(o,T;L9i) = oo, (2.2.5) 
for some 1 < gi < oo large enough, provided ^ > A. 
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Remark 2.2.3 Under the conditions of Theorem \2.2.2[ the local existence of the strong solutions 
was obtained in Thus, the assumption T* > makes sense. 

In the presence of vacuum, before Theorem 12. 2. 2 1 there are several results on the blow-up criterions 
of strong solutions to (f2XT]) . refer for instance to gl[ini[20l[22l[36]. More precisely, let < T* < +oo 
is the maximum time of existence of strong solutions. Then the blow-up criterions can be summed 
as follows: 

• Cho-Choe-Kim (gj) 

lim sup {\\p{t)\\Hi^wi,g + \\u{t)\\j^i) = oo, (2.2.6) 



for some q G (3, 6]; 
• Fan- Jiang ([TO]) 



lim sup (Wpmi^ + [\\\p{s)\\w^. + \Np{s)\\l2) ds) = oo, (2.2.7) 

t/"T* \ Jo / 



t/T 

for some q G (3, 6], provided 7/i > 9A; 
• Huang-Li-Xin ([22]) 



/■* „Vu(s) + (Vu)'(s)„ 

lim sup / II ^-^IIloo ds = oo; (2.2.8) 

t /-T* Jo 2 

• Huang-Xin ([20j) (Serrin's criterion [35j ) 

lim sup (||^||Loo(o,t;Loo) + \\^/pu\\Ls(^Q^t,Lr)) = OO, (2.2.9) 

where - + -<!, 3<r< oo; 

s r — * — " 

• Huang-Xin (|20]. for Cauchy problem). Sun- Wang-Zhang ([36], for Cauchy problem and IB VP) 

lim sup ||/o||L°°(o,t;L°°) = oo, (2.2.10) 

provided 7/i > A. 



We introduce the main ideas of the proof of Theorem \2.2.2\ some of which are inspired by some 
of the arguments in [3 IMl 133 ISS] ■ 

(1) In [20|. I36|. to prove ()2.2.10p . the restriction 7/i > A plays an important role in the analysis. 
In fact, the condition 7/i > A is only used to get the upper bound of Jj^a p\u\^, for some r > 3, so is 
it for (I2.3.6P and (I2.3.8p . Here, we get the upper bound of J^3 p\u\'^ , under the assumption ^ > A 
(see Lemma l3.ip . which as a byproduct of Lemma l3.ll extends the results in [121 [20l [36} [37] (see 
Remark l3.2p . From the proof of Lemma [3. H we know that it is important to handle the second term 
of the right hand side of (|3.4p where divu and V|u| are involved. On the other hand, the second 
term of the left hand side of (13. 4p . where |Viip, |diviip and |V|ti|| are involved, is not enough to 
absorb the second term of the right under the physical restrictions of the viscosities. For the term 
|Vup on the left of ()3.4p . it is natural to get |Vup > |V|n|| , which makes some additional good 
information on |Viip lose cf. [20[ 136] . The crucial ingredient to relax the additional restrictions to 
^ > A is that we observe 

iVup = \u 



V 



+ V|n| 
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for |u| > 0, and thus 



/ 



\U\ 



]R3n{|«|>0} 



if 



/ 



U 



V 



R3n{|jil>o} 



Vliil 



Vlul 



3n{|n|>o} Vl'"iy JM3n{|M|>o} 

for some positive function (j){£i,r) near r = 3. For more details, please see Lemma |3. 11 

(2) In [7], the authors obtain the upper bound and the positive lower bound of the density in 
T'^ under the assumptions inf > 0, /x + A = and ||/f||L°°(o,T;L<'o) is bounded, for some qo > 
large enough and for some T > 0. From the physical points of view, + A > seems more natural, 
since we know that /i > and 2/i + 3A > deduce /i + A > 0. In Theorem 12.2.21 we only assume 
/i > 0, 2/i + 3A > and ^ > A. 

(3) By (j2.2.ip i ■ we known = ||/Oo||li- It follows from the standard interpolation inequality 
that the bound of ||/o||l°o(o j..j;^oo') yields that ||p||L°°(o,r;L92) is bounded for any q2 G (l,oo). Thus, 
the blow-up criterion (j2.2.5p is an extension towards ()2.2.10p in \20\ [36] . 



2.3 Full compressible N-S: a blow-up criterion in terms of the upper bound of 
the density and the temperature 

The constants a, Cq and n in the equations play no roles in the analysis, we assume a = Cq = k = 1 
henceforth. If the solutions are regular enough (such as strong solutions), (jl.ip is equivalence to 
the following system which is very usefull in the proofs of the main theorems: 

'pt + V-{pu) = 0, 

< put + pu-\7u + VP{p, 6) = fiAu + {p + A)Vdivn, (2.3.1) 
^p9t + PU-V9 + pOdiYu = ^ |Vn + (Vn)'|^ + A(divu)2 + AO, in R^. 

System ()2.3.ip is supplemented with initial conditions 

{p, u, e)\t=o = {po,uo, eo), X G R\ (2.3.2) 

with 

p{x,t) 0, u{x,t) 0, 6{x,t) 0, as |x| oo, for t > 0. (2.3.3) 
We give the definition of strong solutions to (12.3. ip throughout the paper. 

Definition 2.3.1 (Strong solution) ForT > 0, {p,u,9) is called a strong solution to the compress- 
ible Navier-Stokes equations i2.3.1\) - [2J73\) in x [0,r], if for some q G (3,6], 

< p G C{[0,T];W^^ir\H^r\L^), pt G C{[0,T]; n L^), 
(n,0) GC([0,T];Z)2nZ)i)nL2(0,r;Z)2-9), {ut,et) e L\0,T; D},), 

and {p,u,9) satisfies 12.3. 1\) a.e. in x (0,r]. 

Our main result for the full compressible Navier-Stokes equations is stated as follows: 
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Theorem 2.3.2 Assume po > 0, po G nW^''' Ci , for some q G (3,6], (uc^'o) G D'^'^D^, and 
the following compatibility conditions are satisfied: 



fiAuo + (/i + A)Vdiv'uo — ^P{po, i 



[KAeo + f |Vno + (Vuo)T + A(divuo)^ = ^/po92, x G R^, 

for some gi G L^, i = 1,2. Lei {p,u,9) be a strong solution to h2. 3.1]) - 112.3. 3\) in 
< r* < +00 is the maximum time of existence of the strong solution, then 



lim sup {\\p\\l°°(o,T;L^) + II^IIl°°(0,T;L°°)) 

T/'T* 



oo, 



(2.3.4) 

X [o,r]. // 

(2.3.5) 



provided 3/i > A. 



Remark 2.3.3 Under the conditions of Theorem \2.3.2[ the local existence of the strong solutions 
was obtained in JE^. Thus, the assumption T* > makes sense. 



Remark 2.3.4 Theorem \2. 3.2\ is also valid for more general pressure law, such as P = ap9 + aip^ . 
Whether the similar result as in Theorem \2.2.2\ could be obtained for the full compressible Navier- 
Stokes equations is still unknown. 



Before Theorem 12.3.21 there are several resuhs on the blow-up criterions of strong solutions to 
()2.3.ip . please refer for instance to [l2l [HI [37] and references therein for initial boundary value 
problems. In particular, 

• Fan-Jiang-Ou (fT2], 3D) 



lim sup {\\9\\L^(o,t;L^) + ||V'u||ii(o,i;Loo)) = oo. 



(2.3.6) 



provided 7p > A. Here the appearance of vacuum is allowed. 

It is well-known that the bound of || Vn||ii(o,t;Loo) yields that ||/o||Loo(o,t;L°°) is bounded (see (2.2) 
in [l2]), if the initial density is bounded. When ||Vti||j;^i(o,t;L°°) (12.3.6P is replaced by the upper 
bound of the density, the following blow-up criterions were obtained: 

• Fang-Zi-Zhang ([T3], 2D) 



lim sup {\\0\\L^(o,t;L°°) + \\p\\L°°{0,t;L°°)) = OO, 
t/-T* 



(2.3.7) 



where the appearance of vacuum is allowed; 
• Sun- Wang-Zhang ([37J, 3D) 



lim sup 

t/-T* 



lL°°(0,t;L°°) + ll/'llL°°(0,t;L°°) + 



OO, 



L°°(0,t;L°°)^ 



(2.3.^ 



provided Jp, > X. 

We would like to point out that an analogous blow-up criterion of (j2.3.5p for the isentropic 
compressible Naiver-Stokes equation (i.e. (j2.2.10p l in R'^, under the assumption 7p > A, has been 
previously established by Huang-Li-Xin [20j and Sun- Wang-Zhang |36j. In [201 [3U], the restriction 
7p > X was needed only for the estimate of J p\u\^'^^ where (5 > is sufficiently small. 

We introduce the main ideas of the proof of Theorem 12.3.21 

(1) To get the upper bound of jj^a p\u\^, we apply the ideas of the proof of Lemma [3T] so that 
we can get a restriction of and A as better as possible. As a byproduct, we also get the upper 
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bound of /o f^r 
Here we take r 



|r-2 



which is very crucial in the proof of Lf^L^. of Vn (see Lemma 14.3 



4 because we have to deal with the difficulties caused by the strong nonlinearities 



in the temperature equation, such as the terms ^ |Vu + (Vn)'| and A(divu) in (j2.3.iP '^. which 
leads to the restriction 3^ > A. 

(2) As it was pointed out in [37J that to deal with the essential difficulties due to the highly 
nonlinear terms |Vn + (V?x)'|^ and |divM|' 



in the temperature equation, Sun- Wang-Zhang used the 

OO 1 



ideas of Hoff [17j to get the upper bounds of LfH^ of u for s G (0, 1), which requires the upper 
bound of Here we do not require the upper bound of ^ so that the appearance of vacuum is 

allowed, because we use the fact Pt = {pE)t — (yj^^^ , (jl.iP '^ and integration by parts such that 



PfG 



{pE)tG + 



div 



= \ ( fi(Vu + (Vu)') + Xdiv uIn 
<C|||ti||Vti|||^2||VG||i2 H , 



(Vn + (Vn)') + Xdiv uIn^u 
u] • VG + • • • 



G + 



where G = (2^ + A)divn — P is the effective viscous flux which plays an important role in the proofs. 
For more details, please see (|4.19|) - (|4.32p in the proof of Lemma 14.31 

(3) The nonliear terms |Vn + (Vn)'|^ and |divnp in ()2.3.1P '^ could be handled for two space 
dimension when the blow-up criterion ()2.3.7p was established with vacuum, because 2-D Gagliardo- 
Nirenberg inequality has better properties than 3-D. See [13J for more details. 



3 Proof of Theorem [272:21 

Let < T* < cxD be the maximum time of existence of strong solution (p, n) to (I2.2.ip - (l2.2.3p . 
Namely, (/>,n) is a strong solution to ([2X]l - (l2X3]l in x [0,r] for any < T < T*, but not a 
strong solution in x [0,T*]. Suppose that (l2X5]) were false, i.e. 

^ '■= \\p\\l°^{0,T*;L1i) < OO. (3.1) 



The goal is to show that under the assumption (|3.ip . there is a bound C > depending only on 
M, pq,uo, p, A, and T* such that 



sup 

0<t<T* 



max(||p||t^i,; + Wpth') + WVputh^ + ||Vn||^i 

l=2,q 



< G, (3.2) 



and 

/ iWutWh + \Mh,,) dt < G. (3.3) 
Jo 



With (|3.2p and p.3p . it is easy to show without much difficulties that T* is not the maximum time, 
which is the desired contradiction. 

Throughout the rest of the section, we denote by C a generic constant depending only on pQ, 
no, T* , M, A, p. We denote by 

A<B 

if there exists a generic constant G such that A < GB. 
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Lemma 3.1 Under the conditions of Theorem \2.2.^ and \3.1\) . if > A, there exists r E (3, |) 
such that 

sup / p\u\"^dx < C, 
o<t<T Jm? 

for any T G [0,r*). 

Remark 3.2 Lemma \ 3.1\ is also true for bounded domains. This lemma relaxes the restriction 
7fi > X in f2U\, \36j to ^ > A . It is easy to verify that Lemma \3.1\ is also true if P = Rp9 for 
a constant R > and 9 is bounded. Thus, as a byproduct of the paper, the restriction 7fi > X in 
1121 137| / could be relaxed to > A for the full compressible Navier-Stokes equations. In this sense, 
this lemma extends the results in flgj |23 f5T 



[ p|nr+ / r|nr~2 (^|Vn|2 + (A + //)|divu|2 + //(r-2)|V| 
r / div(|ur-\)P-r(r-2)(^ + A) / divu|nr-\ • V|n|. 



Proof. Multiplying ()2.2.ip 9 by r\u\^ ^n, and integrating by parts over M^, we have 
d 

-, f divdui'^-^-^D ^(^ o^r„ , \^ / ^.,,„,i„,ir-3„ 

Thus, 

/ p\uY+[ r|nr-2(^|Vn|2 + (A + /i)|div^x|2 + ;,(r-2)|V|n||2) 

Jr3 JiR3n{|u|>o} 

dbr{\u\'"^u)P -r{r -2){p + X) [ divu\u\''-^u ■ V\u\. 

n|>0} JIR3n{|n|>0} 

For any given ei £ (0, 1), we define a nonnegative function which will be decided in Case 2 as 
follows: 

0, otherwise. 



(3.4) 



Case 1 

f Wr V (^) ' > </.(£!, r) / \ur^\V\u\f. (3.5) 



iR^n{\u\>o} 
A direct calculation gives for > 

2 



|Vn|^ = \u 

which plays a important role in the proof. 
By (j3.4p . we have 



2 _ \ \2 ^ I \ , 1^1 1 12 



+ V|u| , (3.6) 



^ /" p\uy + I r\uy~'^ (p\Vu\^ + {X + p)\di\u\'^ + p{r -2)\V\u\ 



divdiil*" ^u)P — r{r — 2){p + X) / divti|n| 2 |u| 2 n • V|n| 

iR3n{|u|>o} JiR3n{|u|>o} 



r— 2 , , r— 4 



<C I p''-'^p'^\u\''~^\Vu\+r{p + X) I l-ur-Viv-up 

JR3n{|«|>0} JR3n{|«|>0} 
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where we have used Cauchy inequaUty. Thus, 

T" / H^^r+ / ^r|nr-2|Vn|2 + ^(r-2)r / \u\''~^\V\u\ 

dt Jm.3 yR3n||u|>o| JR3n||u|>o| 



<C 



r-2 r — 2 , 



R3n{|u|>o} 



r{r -2f{fi + X) 



(3.7) 



-ur-^IVlnl 



R3n{|«|>o} 



By ()3.6p . ()3.7p . Cauchy inequahty, and Holder inequahty, for any Eq £ (0, 1), we have 

2 



lit 



pH + 

+ p{r — 2)r I 
Jr 



R3n{|u|>o} 



M3n{|«|>0} 



V 



^1 V|u| 



<c 



+ 



<c 



+ 



R3n{|u|>o} 
r(r-2)2(/x + A) 



iR3n{|M|>o} 

p^\u\''^'^\V\u\\ + C 



m|>0} 



V 



uY-^\v\u\ 



m|>0} 



r-2 r-2 , 



iR3n{|«|>0} 
C 



2r p 2r \u\'' ^ | V | ti | | + /Ur 







1 1 r 

\u\ 









(27-1)'- 



+ 1 



4/ureo 

Combining (j3.ip and (j3.5p . we have 



+ 



R3n{|u|>o} 
r(r-2)2(/i + A) 



R=*n{|u|>o} 



^^1 V|n|r. 



p\uY + r 



<C 



p{l - eo)(t>{ei,r) + p{r - 1) 

C 



R»n{|u|>o} 



r^ r^ 
P ' 2r " 



'p 2r |n|'' V|u| + 



4/ireo 



(r-2)2(^ + A) 



R3n{lMl>o} 



(3.8) 



(Sub-Case li): If 3 G - ^ - A > 0}, i.e., bp, < 3A, it is easy to get [3,oo) C 

{r 



r^(At+A) _ 4£t 
4(r-l) 3 



^ — A > 0}. Therefore, we have 



(/)(ei,r) 



/iei(r - 1) 



(-f-A + 



rf{£t+A) 
4(r-l) 



(3.9) 



for any r G [3, oo) 
Denote 



f{£o,ei,r) = p{l - £o)(l){ei,r) + p{r - 1) 

Substituting (j3.9p into (|3.10p . for r G [3,cxd), we have 

/i2ei(l-eo)(r-l) 



(r-2)2(/. + A) 



/(eo,ei,r) 



A + 



r2(^+A) 
4(r-l) 



+ At(r- 1) 



(r-2)2(p + A) 



(3.10) 



(3.11) 
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For (eo,ei,'') = (0,1,3), we have 

/(0,1,3) 



where we have used ^ < A < ^/x. 



16//2 7^ - A 



3A — 5/U 



+ 



>0, 



Since /(eo, ei, r) is continuous w.r.t. (eqi ^i, J^) over [0, 1] x [0, 1] x [3, oo), there exist EQ) £ (0)1) 
and r G (3, |), such that 

/(eo,ei,r) > 0. 
By (I3.8D . Cauchy inequahty and Holder inequahty, we have 



d 
di 



[ p\ur + rf{eo,e,,r) [ \ur^\V\u 

JM3n{|«|>0} 



<rf{eo,ei,r 
C 

+ 



m|>0} 

r-2 



c 



4rf{eo,ei,r) 



p\u\ 



p\u\ 



4/ireo 

This together with ()3.ip gives 



5/ .i«r<c 



1 



+ 



1 



/(eo,ei,?') f^£o 



p\u\ 



(Sub-Case I2): if 3 - ^ - A > 0}, i.e., 5/i > 3A. 



4(r-l) 

In this case, for r G (3, X), it is easy to get 



/i(l - eo)<l)iei,r) + p{r - 1) 



(r-2)2(^ + A) 



> 3 1^2^ 



Hp + xy\ ^^(23p_9x\ 
16 J V 16 ley 



/ 23/i 15/u\ 3// 

vie i6"y T' 



By ()3.8p . ()3.13p . Cauchy inequahty and Holder inequality, we have 

JR3 ^ JM3n||u|>0| 



d 

lit 



M»n{|u|>o} 



r-2 2 
p' 2r p 2r \u\ 



<c 

2 yR3n{|«|>0} 



V|u|| + 



C7 



4/ireo 



/)|n|' 



(27-l)r I -1 \ >■ C 



(27-l)r I -I \ '■ 
p 2 



4/ureo 



Therefore, 



d_ 
di 



p\u\^ <C p\u 



(3.12) 



(3.13) 



(3.14) 
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where we have used (I3.1D. 



By ()3.12p and (I3.14p . for Case 1, we conclude that if A < ^/i and (13. 5p are satisfied, the 



fohowing estimate can be obtained 



d 



for some constants C > and r G (3, |) 



Case 2: if 



/ 

jR3n{|n|: 



V 



'R3n{|n|>0} 

A direct calculation gives for |n| > 



R3n{|?i|>o} 



-"I V|n| 



I I , n \ n • Vlnl 
divu = |u|div I 1 — j- H j — j — 



By ([331) and (f3l71) . we have 



^/ p\uY+f r|^xr-2 f^|Vn|2 + (A + ^)|divn|2 + ^(r-2)|V| 

Jr3 jR3n{|«|>0} ^ 



r / div(|n|''-2u)P-r(r-2)(^ + A) 

JR3n{|u|>o} 

-r(r-2)(/^ + A) / jul'-^'lu • V|n| |' 

J'M?n\\u\>o\ 



B-in{\u\>Q} 



nl'-^-u- V|n|div — 



This gives 



where 



5 / + / 

"I Jrs jR3n{|n 



I ir— 4/^ 



R3n{|n|>0} 



div(|nr-\)P, 



m|>0} 



G =/u|n|2|Vn|2 + (A + ^)|n|Vivup + /i(r - 2)|up|V|n| 



+ (r - 2)(/u + A)|n|2u • V|n|div ( rr ) + " + A)|n • V|n| 



To let /R3n{|M|>o} ^l^r become a good term, we shall consider G first. 



G =/x|u|^ \u\ 



VIA 



+ V|n|r +(/i + A)|u|' |u|div — + 



u\ u ■ V\u\ 



(3.15) 



(3.16) 



(3.17) 



(3.18) 



+ /i(r - 2)|np|V|n|| + (r - 2)(^ + \)\u\'^u ■ V|ti|div 

2 



(^)+(r-2)(/. + A)|n.V|Hf 



V 



+ H{r - l)\u\^\V\u\\ + (r - 1)(^ + X)\u • V|n| 

2 



+ r{fi + A)|npn • V|-u|div ( -p-r ) + (/" + A)|up ( div 



--H\u\' 



V 



+ /i(r - l)|np|V|u|| + (r - l)(/u + A) u • V|n| + 



— -InPdiv 

2(r-l)' ' \\u\ 



+ (// + A)|u|Mdiv 



2 ^2 



4(r - 1) 
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This, combining the fact 



div ( I — 7 



< 3 



deduces 



G >fi\u[ 



V 



+ ,ir - DI.PI V|nf + + A - !^|^) \uf (div ^ 



>^bl^ ( div 



+ ( /x + A 



r^(^ + A) 
4(r - 1) 



lul I div 



u 



\u\ 



+ fi{r - l)|iip|V|n| 



r^{p + X) 
V 3 4(r-l) 



Inl I div 



u 



+ /i(r-l)|^/p|V|n|| . 



Thus, 



rkr-^G>r ( — + A 



M3n{|u|>o} 



4^ 



r2(/i + A) 



R3n{|u|>o} 



4(r - 1) 

+ /ir(r - 1) / \u\''~^\V\u 
JR3n||«|>o} 

0(ei,r 



liiT I div 



R3n{|M|>o} 



IR»n{|n|>0} 



^1 V|u| 



+ ^r(r — 1) 



l«r'^|V|n 
R3n{|n[>0} 

r2(^ + A) 



3r ( ^ + A 

3 4(r - 1) 



</>(ei,r) + fxr{r - 1) 



/ 



kr'^lvini 



where we have used (|3.16p . 

Putting ah these estimates into (|3.18p . we have 



di 
<C 



P\u\" + 



3r + A - '-^^ ] <t>{e^,r) + ^r{r - 1) 



JR3n{|-u|>o} 



r-2 2 



R3n{|u|>o} 



P 2r lul"" |Vti| 
C 



|nr-2|Vtx|2 + 

n|>0} ^ 



R3n{|u|>o} 



p\u\ 



(27-l)r 



■^n{|M|>o} 

r-2 



<e{l + 4>{ei,r)) [ \u\^-^\V\u\\^ + - I [ 

JR3n{|u|>o} £ yJiR3n{|M|>o} ^ 

where we have used Cauchy inequahty. Holder inequahty and (|3.1|) . 



Taking e= (l + (/.(ei, r)) 



-1 



3r ( f + A - ^ii^) cPie^,r) + ^r(r - 1)' 



we have 



lit 



C(l + 0(ei,r)) 



3r 



f + A-^i^)<^(ei,r)+/ir(r-l) 



r^(/j+A) 



(3.19) 



for r G (3, |). 
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By (|3.15p and (j3.19p . for Case 1 and Case 2, we conclude that if A < -^^u, there exist some 
constants C > and r G (3, |) such that 



pH 



(3.20) 



Since ^ G (0,1), using Young inequahty and Gronwah inequahty over (13.20j) . we complete the 



proof of Lemma 13.1 



□ 



From Remark 13.21 and [2D1[36], in order to get (|3.2p and ()3.3p . it suffices to get the upper bound 
of sup ||p(t)||f.oo. To do this. Lemma l3.3l and Lemma l3.4l are needed. 

0<i<T* 

Lemma 3.3 Under the conditions of Theorem \ 2. 2. 2\ and 113. it holds that for any T G [0,T*) 

T 



sup / |Vn|2 + / / p|n|2 < C, 

0<t<T Jr3 Jq Jk3 



where ii = ut + u - Vu by the definition of the material derivative. 

Proof. Multiplying (j2.2.ip 9 by ut, and integrating by parts over M'^, we have 



/ + / (/x|V^p + (^ + A)|div^.p) 

Jrs 2 dt 



pu ■ Vu • -u + — / Pdivti 
dt 



=— / Pdivu 
dt 



1 



d 



Pdivii ■ 



2(2/i + A) dt 
1 d 



2(2/x + A) dt 
+ I pu ■ Vu ■ ii 

1 d 



Ptdivu 
1 

' 2p + X 

+ — ^ / (div(Pn) + (7 - l)Pdivn)G 
+ A Jks ' 



P 



PtG + pu-Vu-u 



d_ 
"di 



Pdivu ■ 



2(2/i + A) dt 

5 



p2 



1 



2p + \ 



PU-VG + 



7-1 
2// + A 



PdivuG 



+ / pu - Vu ■u=}Ii, 

where G = (2/i + A)divu — P. 

For Is, using Holder inequality, we have 



h < 



P\U\\VG\ < \\p-u\\Lr 



IVGI 



for some pi £ (1, 2). 

Taking div on both side of (|2.2.ip 9. we have 

AG = dw{pu). 

From the standard elliptic estimates together with (13. ip . we have 



|VG||lpi < \\pu\\lpi < \\y/pu\\L2 y/P 



L'^-Pi 



(3.21) 



(3.22) 



(3.23) 



(3.24) 
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By (1322]), (13231), Lemma O and ([31]), we have 

h<C\\^pu\\L2. 

For /4, we have 



(3.25) 



h < 



P|divu||G| 



< 



P 



6pi ||divu||i2 

\dwu\\L2\\VG\\LPi, 



G 



3pi 



(3.26) 



where we have used Holder inequahty, Sobolev inequahty and (j3.1 
Substituting (ISlMIl into ^^?M . we have 



For It;, we have 



h < C||divu||^2||^M||^2. 



-^5 <\\y/pu\\LA\\/l^u ■ Vu\\l2. 



(3.27) 



(3.28) 



Assume p2 G (77^, 6), and let < pi, we have for any e G (0, 1) 



\\y/pU ■ Vu\\l2 <\\pru\\L 



p2 r 



2ryf, 



iVul 



LP2 



L rp2-2P2-^'" 

<||divu||2,P2 + ||curlu||LP2 

<||G||lp2 + ||curln||LP2 + 1 

<e||VG||LPi + e||Vcurln||LPi +Ce||VM||i2 + C, 



(3.29) 



where we have used Holder inequality, (j3.ip . Lemma [3. 11 and the standard interpolation inequality. 
Taking curl on both side of (|2.2.ip 9. we have 

/xA(curlu) = curl(p'u). 

Similar to (j3.24|) . we have 

||Vcurln||LPi < ||^n||i2. 
Substituting ([3:21) and (l330]l into (I329|), we have 

W^pu ■ Vu\\i2 <eC\\^pu\\i2 + Ce\Vu\\i2 + C. 
Substituting (I3.3ip into (j3.28p . we have 



h<eC\\^puf^2+C,\\SJuf^2^C. 



(3.30) 
(3.31) 
(3.32) 



Putting (|3.25p . (j3.27p and (|3.32p into ()3.2ip . using Cauchy inequality, and taking e sufficiently 
small, we have 



1 

2 

<— / Pdivn 
at 



(^|Vn|2 + (^ + A)|div'up) 
1 d 



2{2p + A) dt 



+ C\\Vu\\l2+C. 



(3.33) 
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2 

< 



Integrating (j3.33p over [0, t], and using Cauchy inequality, we have 
Iff P\n? + \l (/x|V^zp + (/. + A)|div^.|2) 

[ Pdivu + C [ ||Vn|||2 + C < / \divu\'^ + c[ + C [ llVuH^^ + C. 

This together with Gronwall inequahty gives 

r / p\u\^+ [ |Vn|2 <C, 
Jo Jr3 Jr3 

for any t G [0,T*). □ 

Lemma 3.4 Under the conditions of Theorem \ 2. 2. 2\ and 113. it holds that for any T € [0,T*) 

rT 

0<t<TjR3 Jo 

Proof. By the definition of ii, we can write ()2.2.ip 9 as follows: 

pii + V(P(/))) = pAu + + A)Vdivn. (3.34) 

Differentiating ()3.34p with respect to t and using ()2.2.ip i . we have 

put + pu ■ Vu + VPt =pAu + {p + A)Vdivu — pA{u ■ Vu) — (p + A)Vdiv(ti • Vu) 

+ div (pAu 0u + {p + A)Vdivn VP (g> u) . 



sup / p\u\'^+ [ [ |Vn|2 < C. 
-XKT Jr3 Jo Jr3 



ld_ 
2di 



Multiplying ()3.35p by tt, integrating by parts over R^, for t G (0,r*), we obtain 

/ p\u\^+ / (/i|Vttp + (^ + A)|divup) 

Jr3 Jr3 

= / (Ptdiv n + u (g) VP : Vn) + p div {Au (g) u) — A(n • Vn) J • it 

r ^ 

+(/Lt + A) / (div(Vdivit®n ) - Vdiv {u ■ Vu) )-u = } Hi- 
7r3 V ^7^1 

For III, using (|2.2.ip i . we have 

III = ( - div (Pn)div'u - (7 - l)Pdiv'udivn + u VP : Vu] 

= / (Pu ■ Vdiv n - (7 - l)Pdivndivtt - P(Vn)* -.Vu- Pu- Vdivtt) 
Jr3 ^ ^ 

= - / f (7 - l)Pdivndiv n + P(Vn)* : Vtt) < ||P||i4 II Vu||i4 II Vit||i2. 
Jr3 ^ ^ 

For II2 and II3, we use the similar arguments as [181 [201 [361 EZ] . More precisely, we have 
div(Aii(g) n) — A(n • Vu) = Vk{dwuVku) — V k{V kU^V ju) — VjiVkU^Vku). 



(3.35) 



(3.36) 



(3.37) 
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Using integration by parts, we have 

Ih = li j (Vfc(divuVfc'u) - Vki^kU^Vju) - Vj{VkU^Vku)^ ■ ii < ||Vn||i2 HVnH^^. (3.38) 
Similarly, since 

div (VdivM O u) - Vdiv {u ■ Vu) = V{VjU^Viu') - V{Vju'ViU^) - Vi{Vu'VjU^), 

we have 

//g = + A) j (ViVjU^ViU^) - V{Vju'ViU^) - V,(Vn*VjuJ)) • ii < || Vn||i2 1| Vu|||4. (3.39) 
Substituting ()3.37p . ()3.38p and ()3.39p into ()3.36p . and using Cauchy inequality and (j3.ip . we have 
/ P\^\^+ [ (/^|Viip + (^ + A)|divtt|2) < ^||Vn||22+C7||Vn||^4+C. 



This gives 



d 
di 



p\u\ + 

|4 



iVnP 



<C7||Vu||^4 + C< ||divn||^4 + ||curl^/||^4 + 1 

|4 

Il4 



<||G||f 4 + ||curl'u||t4 + 1 



(3.40) 



2(7pi-12) 6pi 2(7pi-12) 



||Vcurln||2^pr'+l, 



<||G||^,^''i-^ l|VG||2^,r + llcurlnli^, 

where we have used Gagliardo-Nirenberg inequality and 

By ([OO]) . Lemma ESI ([3T]) . (13211), (|330|l and Young inequality, we have 



di 



/ p\u\^ + ^i |V^.|2<||^u||2^,-^+l<||v^n||t, + l, (3.41) 



where we have used the fact < 4, since pi > > ^. 

Since ||\/pm|||2 is bounded in L^(0, T) (see Lemma [33]) . we apply (j3.4ip and Gronwall inequality 
to complete the proof of Lemma 13.41 □ 



Corollary 3.5 Under the conditions of Theorem \2.2.S\ and h3.1\) . it holds that for any T G [0,T*) 

||VG|| < C. 

L2(o,T;Li^-^Pi ) 

Proof. By (|3.23p and the standard elliptic estimates, together with (|3.ip . Holder inequality, 
Sobolev inequality and Lemma 13.41 we have for any T S [0,T*) 



ullie < C / llVullf 2 < C 







2 /"^ 




2 




2 


f 


VG 


6P1 <C / 


pit 


6P, < C / 




PI ki 


Jo 











L2 



□ 



Lemma 3.6 Under the conditions of Theorem \2.2.2\ and \3.1\) . it holds that for any T S [0,T*) 

II/'I|l°°(0,T;L°°) < C. 
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Proof. For any 1 < p < +00, multiplying (|2.2.ip i by ppP ^ and integrating by parts over M^, we 
obtain 

d_ 
lit 



[ pP = -[ (u-V{pP)+pffdivu 



{1 — p) / p^dlYU 

<^^\\G\\l^ I /. 



1 — p 
2/i + A 



1 — p 
2/X + A 



"2/i + A' 

Since > 3, using the standard interpolation inequality, we have 



\G\ 



< G 



VG 



+ C||G||i2 < G 



VG 



6pi ~l~ C. 



Substituting ([3^ into (f02|) . we have 

^11 II ^ C{p-l) 

-77 P if < 

at p 



epi + 1 WpWlp 



<c 



VG 



VG 



+ 1 ) WpWlp, 



(3.42) 



(3.43) 



where the constant G is independent of p. This and Corollarv l3.5t together with Gronwall inequality, 
give 



sup ||/9(t)||LP < ll/OollLpexp ( C / 

0<i<T V Jo 



VG 



6p, +l]dt] < C, 

12— 6p^ 



for any T S [0, T*). Let p go to 00, we complete the proof of Lemma [37 



□ 



4 Proof of Theorem [273:21 



Let < T* < cxD be the maximum time of existence of strong solution {p,u) to (|2.3.ip - (|2.3.3p . 
Namely, {p,u) is a strong solution to (l2XT]l - (|2X3]l in x [0,r] for any < T < T* , but not a 
strong solution in x [0,T*]. We shall prove Theorem 12.3.21 bv using a contradiction argument. 
Suppose that (12.3.5P were false, i.e. 



^ '■— IIpIIl°°{0,T*;L°°) + II^IIl°°(0,T*;L°°) < CO. 



(4.1) 

The goal is to show that under the assumption (14. Ij) . there is a bound C > depending only on 
M, pojUq, 9q, p, a, k, and T* such that 



sup 

0<t<T* 



and 



max(||p||;^i,, + \\pt\\Li) + \\{yj^uu yfP^ML^ + \\{Vu,Ve)\\Hi 

l=2,q 



r {\\iut,0t)\\li + \\{u,e)\\l,^,) dt<G. 

Jo 



< G, 



(4.2) 



(4.3) 



With (|4.2p and ()4.3p . it is easy to show without much difficulties that T* is not the maximum time, 
which is the desired contradiction. 

Throughout the rest of the section, we denote by C a generic constant depending only on po, 
uq, 6*0, T* , M, A, p, K. We denote by 

A< B 



if there exists a generic constant G such that A < GB. 
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Lemma 4.1 Under the conditions of Theorem \ 2. 3. 2\ and it holds that 

' sup ^3 + ^2) + ^3 (|Vt.|2 + I dx < C, 



0<t<T 



sup J^3P<C, for any Te [0,r*). 
l,0<t<T 



(4.4) 



Proof. The proof of (I4.4p i can be referred to [:37J (Lemma 2). (I4.4p 9 can be obtained by inte- 
grating (f2XT]) i over x [0,t]. □ 

Lemma 4.2 Under the conditions of Theorem \2.3.2\ and \4-l% > A, it holds that 

sup / p\u\^+ [ [ \u\'^\Vu\'^dx<C, (4.5) 
0<t<T 7r3 Jo 

for any T e[0,T*). 

Proof. The proof of the lemma is quite similar to that of Lemma 13.11 except that r = 4 and 
P = p9 here. From (j3.4p . we have 

d 



dt 



u' + 



M3n{|u|>o} 



r\u\'''^ (/u|Vn|2 + (A + fi)\dwu\^ + fi{r - 2)|V|n|p) 



/"I 

=r / div(|nr-2n)P-r(r-2)(/i + A) / divn|ur-\ • V|^/|. 

For any given ei E (0, 1), we define a function as in the proof of Lemma |3. II as follows: 



(4.6) 



(/>(ei,r) 



0, otherwise. 



Case 1: 



u 



R^n{\u\>o} 



, u 
V ^ 



ur^\V\u\\\ 



iR3n{|?i|>o} 



(4.7) 



Using the similar arguments like in the proof of Lemma |3.H for any £q E (0, 1), we have 



^ / Pkr+ / pr\ur^\V\u\\^ + [ pr\ 

dt Jk3 jR3n{|u|>o} JR3n{|M|>o} 

+ p{r-2)r [ |nr-2|v|u|p 
iR3n||ti|>o> 



VIA 



<c 



+ 



R3n{|u|>o} 
C 



'R3n{|ti|>o} 



R3n{|u|>o} 



u\ 



p\u\ 



4/ureo 

Combining (j4.ip and (j4.7p . we have 



r(r-2)2(^ + A) 



R3n{|«|>0} 



kr-2|v|^| 



di 
<C 



/ p|nr + r/(eo,£i,e2,?^) / 
JR3 7R3n{|« 

pl-ur^^lVlnll + 



ir-2 



R3n{|«|>0} 

C 



V|-u||^ + /Lir(l -eo)e2 / 

jR3n{| 



n|>0} 



V 



n|>0} 



4/ureo 



(4.8) 



19 



where 



/(eo, £1, £2, r) = - eo)(l - e2)</'(ei, r) + fj.{r - 1) 



(r-2)2(^ + A) 



(4.9) 



for £2 S (0, 1) decided later. 

(Sub-Case li): If 4 e {r|^J^^ - ^ - A > 0}, i.e., A > 0, we have 



</)(£!, 4) 



3/uei 



(4.10) 



Substituting (|4.10p into (fOj) . we have 

^2ei(i-eo)(i-£2)(r-l) 



/(eo,£i,e2,?') 



' 1" ^ + 4(r-l) 



+ ^(r-l) 



(r-2)2(^ + A) 



For (eo, ei, £2, ^) = (0, 1, 0, 4), we have 



7(0,1,0,4) = ^ + 2/x- A >0, 

where we have used < A < 3/i. 

Since /{eq, ei, £2) 4) is continuous w.r.t. (eq, 61,62) over [0, 1] x [0, 1] x [0, 1], there exist ^ij £2 £ 
(0, 1) such that 

/(eo,ei,e2,4) > 0. 



By (14. Sp . Cauchy inequahty and Holder inequality, for r = 4, we have 

) El) £2, 4) / |n|2|V|n||' + 4^(l-eo)e2 / 

JR3 JIR3|-||U|>0j JR3n{|u 



R3n{|u|>o} 



V 



u 



<2/(eo,ei,e2,4) 



- ( / 



M3n{|til>o} 

1 

2 



|nr|V|n|| + 



c 



/(eo,ei,e2,4) 



p|n|' 



This together with ()4.ip gives 

/ p|n|^ + 2/(eo,ei,e2,4) / |tx|2|V|t.| |' + 4^1 - £0)^2 / 

"I jr3 jR3n||u|>o| jR3n||u 



<C 



1 



+ 



1 



/(eo,ei,e2,4) eo 



/R3n{|u|>o} 



R3n{|u|>o} 



u\ 



(4.11) 



(Sub-Case I2): if 4 {r|^|^^ - ^ - A > 0}, i.e., A < 0, we have (p{ei,4:) = 0. 
In this case, it is easy to get 



4/(eo,ei,e2,4) = 4(2/i-A) > 8^. 



(4.12) 
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By (j4.8p (for r = 4), ()4.12p . Cauchy inequality and Holder inequality, we have 



-I / p|n|4 + 8^ / \u\^\V\u\\^ + - 80)82 [ 



\u\ 



<C 



/R3n{|M|>o} 
p\u\^\V\u\\ + -( [ /5|n|^ 



R3n{|n|>0} 



<4/i / \u\^\V\u\\ + C ( I p\u\ 

iM.^n{\u\>o} 



^ C 



£0 



p\u\ 



Therefore, 
d_ 



[ pluf + ip [ \u\'^\V\u\\'^ + Ml - 80)82 [ 

Jr3 jR3n{|«|>0} JRSnlh 



\u\ 



R^n{\u\>o} 



V 



<C / p|n 



(4.13) 



where we have used (j4.ip . 
Case 2: if 



/ 

JR3nl|M| 



V 



<(/>(£!, r) / l-ur-^jVlnl 
R3n{|?i|>o} 



'R3n{|M|>o} 

Using the similar arguments like in the proof of Lemma 13. H we have 
d 



(4.14) 



dt 

<C 



R3n{|u|>o} 



3r + A - ] 0(£i, r) + ^r(r - 1) 



R»n{|M|>o} 



7 — 2 r-2 , 



<8 I |nr-2|V'u|2 + - I / p\u\' 

'M.^n{\u\>o} ^ WR3n{lu|>o} , 



<e(l + </.(£!, r)) / \ur^\v\u\\^ + ^( I 

JR3n{|u|>0} £ \JM 



m|>0} 



m|>0} 

where we have used Cauchy inequality. Holder inequality and (14.111 . 

Taking e = (2 + 20(ei,r))"^ 3r (^^ + A - ''[[^^^^ ) (/'(gi, r) + pr{r - 1) , and using (HH]) and 
(13. 6D. we have 



d r ^ 3r(f + A-Igi^)^(g„r) + Kr-1) 

c^^iRS 2(l + (/>(ei,r)) JM3n{|«|>0} 



<- 



C7(l + (/<(gi,r)) 



3^ if + <^(ei,r) + Mr--l) 

for r = 4. 



(4.15) 
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/ p|?i|'' + Cl 1 


^ \u\^\Vu\^<cf 


/R3 J 


iR='n{|u|>o} Jb 



By (|3.6p . ()4.1ip . ()4.13p . (|4.15p and Cauchy inequality, for Case 1 and Case 2, we conclude 
that if 3^ > A, there exists a constant ci > such that 

+ C, (4.16) 

for t£[0,T*). By ()i36]) and Gronwall inequality, we get (03]). □ 
Lemma 4.3 Under the conditions of Theorem \2. 3. 2\ and it holds that for any T G [0,T*) 

sup / \SIu\^dx+ [ [ p\ut\'^ dxdt <C. (4.17) 
o<t<T Jr3 Jo 

Proof. Multiplying (j2.3.ip 9 by ut, and integrating by parts over M^, we have 

P\''*\^ + ^T, (^|Vu|2 + (^ + A)|divn|2) 
I at j^i 

pu ■ Vu ■ Ut + -7- [ Pdivu — [ Pfdivu 

at Jm.3 2(2yu + A) dt J ^3 2/1 + X J ^3 M3 

4 



1=1 



where G = {2p + A)divii — P. 



For III3 , recalling pE = P + ; we have 



2 



2/i + A y]K3 2/x + A JiRa V 2 



2 



(4.19) 



For ///s,!, using (jl.ip -:;. integration by parts, (j4.ip and (j4.4p . we have 
1 /■ . 1 /■ luP 1 



Ilh 1 = r / pOu ■ VG / p^u • VG / Pu-VG 

2p + X Jm.s 2p + X J^3 2 2;u + A Jrs 

+ — 3— / TuVG + — ^— [ ve-vG 
2p + X J^3 2p + X J^3 

<--— - / pLL^.VG + C7||VG||i2(||p07/||i2 + ||Pn||i2+ n|Vtx| ^, + ||Ve||i2) 

— / p^^x • VG + G||VG||i2 (||^x|Vn||L2 + ||V0||i2 + l) . 
+ Jr3 ^ 

(4.20) 



< 

- 2p 



Taking div and curl on both side of (12.3.11) 9. we get 

/\G = d\\{put + pu-Vu), (4.21) 
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and 

/iA(curln) = curl{put + pu ■ Vu). (4.22) 
From the standard elliptic estimates together with (|4.ip . we get 

IIVGIU2 < \\put\\L2 + ||pn- Vn||i2 < \\^ut\\L2 + ll^lullV-ulll^a, (4.23) 

and 

||Vcurlu||i2 < 11/5^411^2 + \\pu • Vu\\l2 < ||v^nt||i2 + || v^|u||Vu| ||^2- (4.24) 
To handle the second term of the right hand side of (14.230 and (I4.24p . we use the fact 

- A/ = V X (curl/) - Vdiv/, in M^ (4.25) 
for some / : — >• M^. Using (I4.25P and the elliptic estimates, we have 

I|V/||lp < llcurl/lliP + lldiv/lliP, (4.26) 



for any p G (l,oo). Let's go back to handle ||y^|ti||Vu|||^2- Using Holder inequality, (14.11) . (j4.5 
()4.26p for p = 4, Gagliardo-Nirenberg inequality, ()4.23p . ()4.24p and Cauchy inequality, we have 

||^|n||Vn|||^2 ^ll/5^^i|lL4||Vn||i4 < ||curln||i4 + ||divM||i4 
<||curlu||^4 + ||G||i4 + l 



<C||curln|||2||Vcurk|||2 +CIIGIII2IIVGIII2 +C 

2' 



<C\\cmlu\\l2\\^t\\l2 + C\\G\\l2\\Vput\^^^^ 



This, together with Young inequality, gives 

||Vp|n||Vn|||^2 < e\\^/put\\L2 + C,\\Vu\\l2 + C, (4.27) 
for any e > 0. Substituting (14.27|) into (j4.23p . we have 

l|VG||i2 < \\^ut\\L2 + \\Vu\\l2 + 1. (4.28) 
Substituting (|4.28p into (|4.20p . and using Cauchy inequality, we have 

Ilh. ^-^,1 • + IwVpu^h + C||n|V.| 11^2 

+ c\\ve\\l2 + c\\vu\\l2 + c. 

For III32, we have 

2/U + A 7iR>3 2 2/i + A 7i;3 



(4.29) 



^ If div{pu)\u 



2/X + A 



G + ^ [ p\ut\' + C [ p\u\^\G\ 



2 



pu.Vu.uG + -^[ '-^-^G+^ f (4.30) 
+ A Jk3 /!/x + a Jr3 24 J^i 

+ G [ p\u\'^\Vu\'^ + G 
<G [ p\u\'\Vu\' + [ ^-VG+l/ p\u,\' + G. 
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Using (j4.27p again (for e > sufficiently small), togetlier with (j4.30p . Lemma HT2t ()4.28p and Caucliy 
inequality, we get 



(4.31) 



(4.33) 



6 

Substituting ()i:29D and ([OT]l into we have 

nh<\l p\ut\'' + c\\u\vu\\\l, + c\\ve\\l, + c\\vu\\l, + c. (4.32) 

For I Ha, using Cauchy inequality and (j4.27p (for e > sufficiently small), we have 

IIh<^ I p\ut\'' + C [ p\u\^\Vu\^ 

<^ [ p\ut\^ + C [ |Vn|2 + a 

Putting ()4.32p and (|4.33p into ()4.18p . and integrating it over [0,t], for t <T*,we have 

/" /" [ (p\Vuf + {p + X)\divu\^) 

Jo Jr3 Jr3 

<2 I Pdivu + C [ \\u\Vu\\\l, + C [ \\Ve\\l2 + C [ \\Vu\\l2+C 
Jr3 Jo Jo Jo 

<ip + X) [ |divu|2 + C, 
Jrs 

where we have used Cauchy inequality, (14. ip . Lemmas 14.11 and 14.21 
Therefore, 

/* / p\ut\' + / |Vn|2 < C, 
Jo Jr^ Jr3 



for t G [0,T*). 

Lemma 4.4 Under the conditions of Theorem ] 2. 3. 2\ and J^.^l), /loWs t/iai /or any T G [0,r*) 



□ 



sup / {\Ve\^ + p\u\'^)+ r f {p\e\^ + \Vu\^)<C. (4.34) 

<t<T yiR3 Jo JR3 



0<t<T 

Proof. Using the similar arguments as ()3.36p . we obtain 



1 d 
2di 



/ p\u\'^+ / (/i|Vttp + (/u + A)|divn|2) 
yR3 Jr3 

= y (Pjdiv u + u(S) VP : Vn) + j (div (An (g) n) - A(n • Vn)^ • u 

» 3 
+{p + X) / ('div(Vdivn(g)ti) - Vdiv(ti • Vn)V It = ^/l/i. 
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(4.36) 



1 d 
2dt 



For IVi, using (H^STTJa and integration by parts, we have 

IVi = [ ({p9)tdiY ii - P{VuY : Vn - p9u ■ Vdiv u) 

= / ({p9)tdwu + div{p9u)divu- P(Vu)* : Vn) 
Jr3 V / 

= / (p9dWu - P{VuY : Vu) 

<\\VP\\L^\\VpG\\L4diyu\\L^ + ||P||L4||Vn||i4||Vn||i2. 

For IV2 and IV3, by (lOHl) and (Km . we have 

^^2 < ||Vn|U2||Vn||i4, (4.37) 

and 

^^3<||Vn|U2||Vu||i4. (4.38) 
Substituting ()4.36p . ()4.37p and (j4.38p into ()4.35p . and using Cauchy inequahty and (j4.ip . we have 

/ p\u\^+ [ (^|Vu|2 + (/i + A)|divn|2) < ^||Vn|||2 +C7||^^||22 +C||Vn||^4 +C. 

Jr3 Jk3 2 

Integrating this inequahty over [0,t] for t G (0,T*), we have 

/ p\uf + f I |Vu|2 <C f \\^p9\\l2 +C f ||Vn||^4 + C. (4.39) 

The next step is to get some estimates for 9. We rewrite (|2.3.1P '^ as follows: 

p9 + p^divn = I |Vu + (Vu)'l^ + A(divn)2 + M. (4.40) 

Multiplying (|4.40p by 6, and integrating by parts over M^, we have 

/ P\^? + \H |V^|' = -/ p9divu9+ [ (l^lVu + iVuyf + XidWuf)9t 

JR3 2 at J^3 J]R3 Jr3 \2 J 

+ \ f-|V'u+(Vu)'f + A(divn)2)n-V0+ \ A9u-Ve (...^ 

Jr3 V2 / J^3 I'i-^J^J 

4 

1=1 

For Vi, using Cauchy inequality, (j4.ip and (|4.17p . we have 

^1 < ^ / P\9\^ + C. (4.42) 
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For V2, using Holder inequality, (j4.ip and (|4.17p . we have 

^2 =4 / |Vn + (Vn)f + A(divu)2) + ^ / (Vn + (Vn)') : (Vut + (Vut)') 6 



+ 2A / divndivuf^ 



=T- / 1^^ + (^^)'r + A(div'u)2) + ^ / (Vn + (Vn)') : (Vn + (Vn)') 9 

- H (Vn + (Vn)') : (V(n • Vn) + (V(n • Vn))') e + 2X divndivn^ 

- 2A / divndiv(n • Vn)0 

<4 /" ("^^ |Vn + (Vn)'|' + A(divn)2)0 + C||Vn||i2||Vn||i2 
Jr3 ^ 2 ' / 

- ^ / (Vn + (Vn)') : (V(n • Vn) + (V(n • Vn))') e-2X divndiv(n • Vn)6l. 

Using integration by parts, (|4.17p and (j4.ip . we have 

^2 <4 / (^^ IVn + (Vn)'l' + A(divn)2) 6 + C\\Vu\\l^ 
"I Jr3 ^2 / 

- /i / (Vn + (Vn)') : (Vn • Vn + (Vn • Vn)') 

yR3 

-fi[ (Vn + (Vn)') : n • V (Vn + (Vn)') 9 - 2X [ divn(Vn)' : VuO 

JR3 Jr3 



— 2A / n • Vdivndivn^ 

/ f 1^"" + (V^)f + A(divn)2) 9 + C7||Vn||i2 + C7 / |Vn|=^ 
dt Jr3 V 2 / 7iR3 

/■ |Vn + (Vn)'P . ^ /• |Vn + (Vn)'|2 



+ A / (divn)30 + A / |divnpn-Ve 

Jr3 7R3 

^T- / (^^ |Vn+ (Vn)'f + A(divn)2) e + C7||Vn||i2 +C7 / \Vuf + c[ |Vn|2|n||V^|. 

dt Jr3 V 2 / J^3 J]R3 

Using Holder inequality, Cauchy inequality, Gagliardo-Nirenberg inequality and ()4.17p . we have 
|Vn|2|n||V0|<||Vn||i4||nb6||V0b3 

(4.44) 

<||Vn||i4 + \\Vu\\1,\\V9\\l2\\V'9\\l^ < C\\Vu\\l, + C\\V9h2\\V'9\\L2. 

From the standard elliptic estimates and (j4.40p . we have 

II V'^IIl^ < IIp^IIl^ + ||p0divn||i2 + ||Vn||i4 < C\\^9\\l2 + C||Vn||2, + C, (4.45) 

where we have used (j4.ip and (j4.17p . 

Substituting (I4.45P into (I4.44|) . and using Cauchy inequality, we have 

/ |Vn|2|n||V^| < hVp9\\h + C\\Vu\\l, + C\\V9\\l, + C. (4.46) 
7r3 8 
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Substituting (I4.46P into (|4.43p . we have 

V2 <4 / + i^u)'? + A(divn)2) d + C\\yu\\L2 + C [ \Vu[ 

at J^3 \2 J J ^3 



+ l\\VpO\\l, + c\\vu\\l, + c\\ve\\l, + c. 



(4.47) 



For V3, using ()4.46p . we have 

V3< [ |V^p|^||V0|<i||Vp^|li2+C||Vn||i4 + C||V0||i,+C. (4.48) 

For V4, using Holder inequahty, Gaghardo-Nirenberg inequaUty, (j4.17p . (j4.45p and Young inequahty, 
we have 

V4 <\m\ML4'^eu-^ < \\Aeh4VuU4ve\\l\\v'd\\l, 

1 3 T . (4.49) 

<\M\\h ll^'^ll!^ ^ ^WVpnh + c\\ve\\l + c\\vu\\l, + c. 

Putting (|4.42p . (|4.47p . ()4.48p and ()4.49p into (|4.4ip . and integrating the resulting inequality over 
[0,t] for t G (0,r*), we have 

p\e\^+f \ve\^<2[ (^\vu + (yuyf + x{diYuf)e + c f \\vu\\l^ 

Jr3 Jk3 V 2 ^ Jo 

+ c/ / \Vuf + c[ ||Vn||^4 + C (4.50) 

Jo JR3 JO 




<C /* ||Vn||i2 +C f [ \Vuf + C f ||Vn||^4 + C, 
JO JO Jr3 Jo 



where we have used (|4.ip . (|4.4p and (|4.17p . Multiplying (|4.50p by 2C, and adding the resulting 
inequality into (|4.39p . we have 



cf f p\e\^ + 2C [ \V9\^+ [ p\u\^+ [ [ |Vn|2 

JO JR3 JR3 JffiS Jo JR3 

<2C^ [ \\Vu\\l2+2C^ [ [ \Vu\^ + 2C^ [ ||Vn||^4 + C /" ||Vu||^4+C. 
JO jo jr3 Jo jo 

This together with Cauchy inequality, we have 

i\ve\' + p\u\^) + f [ {p\e\' + \vu\')< f [ \vuf+f\\vu\\l, + i 

i Jo Jr3 Jo Jk3 Jq 

f [ Icurlnp + f [ \Gf+ f W^uMW^ + f \\G\\i. + 1 
JO jr3 jo jr3 jo jo 



< 



(4.51) 



||curln|||,||Vcurl^x||2.+ / ||VG||2. + / ||curln||,.2 ||Vcurl^z||i. 

JO jo 

+ r||G||^.||VG||i.+l, 

JO 

where we have used ()4.26p and Gagliardo-Nirenberg inequality. By (|4.5ip . (|4.ip . (j4.4p . (j4.17p . 
(|CTD . (OTP and (|i:28D . we have 

/ {\ve\' + p\u\^)+ f [ (p\e\^ + \vu\^)< r'w^utWl^ + i. (4.52) 

JR3 Jo JR3 Jo 
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From ()4.27p . we have 

WVputh^ < \\\^Pu\\l^ + WVpu ■ Vu\\l2 < \\y/pu\\L2 + e\\y/put\\L2 + CjVu||i2 + C. 
Taking e = 5, using (j4.17p . we have 

WVPUth'^ <\\Vpu\\l^ + '^- (4.53) 
Substituting (|4.53|) into (j4.52p . and using Cauchy inequahty and (|4.17p . we have 



{\Ve\' + p\u\')+ / / [p\e\^ + \Vn\^)< / {\\^uth4Vpu\\l,) + l. (4.54) 
Jo Jr3 Jo 

Since ||y^nt||L2 is bounded in L^— norm over (0, i) (see (|4.17p ). we use (j4.54p and Gronwall in- 
equahty to get (0331) • □ 

Corollary 4.5 Under the conditions of Theorem \2.3.S\ and i4-l^ , it holds that for any T € [0,T*) 
sup (||VG||i2 + ||Vcurlii||i2 + ||Vii||i6 + lliillicx,) + f l {\\diYu\\\^ + e\^) < C . (4.55) 

0<t<T Jo 

Proof. It fohows from (j4.2ip and ()4.22p . we have 

l|VG||z.2 < \\puh2 < C, (4.56) 



and 



r lldivnili. < r \\G\\l^ +l< f \\G\\l, + r llVGIlia + 1 
Jo Jo Jo Jo 



< 



^ l|VG||i2 + / \\pu\\le + 1 < / WViiWl, + 1<C, 



(4.57) 



and 



|Vcurlu||i2 < \\pu\\l2 < C, (4.58) 



where we have used (|4.ip . (j4.34p and Sobolev inequahty. 
By K26\i . we have 

||Vn||i6 <||div'u||i6 + ||curln||i6 < \\G\\l6 + ||curlu||^6 + 1 
<||VG||i2 + ||Vcurln||i2 + 1 < C, 

where we have used (|4.ip . (|4.4p . Sobolev inequality, (|4.56p and (|4.58p . 
By (j4.17p . (j4.59p and Sobolev inequality, we have 

\\u\\l^ < ||ii||L6 + ||Vn||2,6 < ||Vu||i2 + ||Vn||i6 < C. 

Using (|4.45p . (|4.34p . the interpolation inequality, (|4.17p and (|4.59p . we get 



(4.59) 



/ / \y'0\'<[ [ P\0?+I I|V<. + 1 

Jo Jo Jo 

j-T 

< ||Vn||i2||Vn||i6 + l<C. 
Jo 



□ 
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Lemma 4.6 Under the conditions of Theorem \ 2. 3. 2\ and jp , it holds that for any T G [0,T* 



sup [ p\et\^+ [ [ \vetf<c. 



(4.60) 



Proof. Differentiating (12.3. IP '^ with respect to t, multiplying it by 6t, and using integration by 
parts, we have 



1 d 

2dt 



< - Pi (^^ + n • V0 + edivu^ 9t - J^^ p{ut ■Ve + u-Vet + 9tdwu)9t - j^^ pOdivutOt ^^g^^ 
+ p [ {Vu+ (Vu)') : {Vut + {VutY) et + 2X [ divudwutOt = V Vh. 



For VIi, we have 



Vh = I div(pn) ( ^ + n • V0 + 0divn ) Ot 

= - I pu-vet(- + u-ve + edivu] - [ 

- / pu- {Vu -Ve + u- we) 9t- pu- {Vedwu + 6'Vdivii) Ot 



V9t 
pu ■ —Ot 



(4.62) 



4 

T 7" 7 



i=l 

For VIi 1 , we have 



vii,i<^ [ \vet\' + c[ p^\u\^\e,\^ + c [ p'\u\^\ve\^ + c [ pMM'\d^u\^ 

24 Jf,3 Jm.3 

where we have used Cauchy inequality, (14. ip . (I4.17p . (14.341) and (I4.55j) . 
For VIi,2, using Cauchy inequality, (j4.ip and (|4.55p again, we have 

vh,2<^ I \vet? + c [ p\et\^ (4.64) 

^4 Jk3 Jk3 

For y/i,3, using Cauchy inequality, (j4.ip and (j4.55p again, along with Holder inequality, Gagliardo- 
Nirenberg inequality and (|4.34p . we have 



yh,3<[ p\Ot?+l \vu\^\ve\^+ [ \vve\' 

Jr^ Jr3 Jr3 

p\e,\' + \\vu\\le\\ve\\l,+ [ \vve\ 

Jr3 



< 



< 



(4.65) 

p\Ot\' + \\'^oh2\\v^eh2+ I |vv0|2 



Jr3 jRi 
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For VIi^4, we have 

y/i 4 = - / pu- VOdivuet - p9u- VdivuBt 

J p\et\^+f \Ve\'\dwu\' - [ peu-VGOt-—^ [ p9u-V{p9)6 
Jm.3 Jr3 2/i + a J^s 2/i + a Jk3 



< 



< 



p\9,f + \\ve\\l4divn\\l, + [ ivGp--^/ p'eu-veot 



(4.66) 



2p + X 

<c [ p\et\'^ + c\\v^e\\L2 + c + —^[ ^0^dwu0t + ^— [ ^0\-v0t 

Jr3 2p + X J^3 2 2p + X J^3 2 

+ p'0u-v9et<c j p\et\'' + c\\vM\h + ^J \^0t? + c, 

where we have used Cauchy inequahty, (14. ip . ()4.55p . Holder inequahty, Gaghardo-Nirenberg in- 
equahty, (|4.34p . integration by parts, (fOf and (|4.17p . 

Substituting (fOaj) . (filBi]) . (f^Mjl and into (f^Mjl . we have 

Vh<l I \V9t\^ + C [ p\et\^ + C [ \V^e\^ + C. (4.67) 

O Jr3 JIR3 Jik3 

For VI2, using Cauchy inequahty, Holder inequality, ()4.ip and ()4.55p . we have 
Vl2=- I pufVeOt- [ pu-V0t9t- [ p\0t\^dWu 

Jrs Jrs Jir3 

<-/ pu-v00t+ [ piu-v)u-veet + l [ \vet\^ + c{\\divu\\Lo^ + i) [ p\0t\^ 

Jrs Jrs o Jrs Jr3 

<C\\^0t\\L4^L4^O\\L3 +C\\^0t\\L2\\Vu\\L4^0\\L3 + 1 [ \V0t\' 

+ C7(||divtx|Uoo + l) / p\9t\^. 
This together with Sobolev inequality, Gagliardo-Nirenberg inequality, ()4.55p and (|4.34p . we have 
Vl2<C\\^0t\\L^i\\V^L^ + l)\\Ve\\l4V^0\\l + l [ \V0t\^ + C{\\d\yu\\L^ + l) [ p\0t\ 

O 7M3 JK3 

<l [ \V0t\^ + C{\\diYu\\L^ + \\Vu\\l2 + l) [ p\0t\^ + C\\V^0\\l2+C. 
o Jr3 Jr3 

For Vis, we have 

Vl3 = - [ p0divu0t + / p^div(n • Vu)9t 

Jr3 Jr3 

<C [ p\0t\'^ + C [ Idivul^ + c/ p\0\\Vu\'^\et\+ [ peetu-Vdivu 

Jr3 Jr3 Jr3 Jr3 

<C [ p\et\^ + C [ |divn|2 + c/ |Vn|^ + -^ / pe0tu-VG (4.69) 
Jr3 Jr3 Jr3 2p, + X J^3 



(4.68) 



+ p'(^(^tu-ve + -^ I p0'0tu-vp 

^P' + X Jr3 2p + X ' 



<C [ p\9t\^ + c[ |divn|2 + -^/' p0\u-Vp + C, 

Jr3 Jr3 2p + X J^3 
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where we have used (j4.ip . Cauchy inequahty, the interpolation inequality, (j4.17p . (j4.34p and (|4.55p . 

To handle the third term of the right hand side of (I4.69p . we use integration by parts. More 
precisely, 

^ I' -^%u •vp = ^— [ ^e^Otdivu ^— [ ■ vet 



2/x + A J^z 2^ + \ Jj^a 2 2fi + X JiRa 2 



1 



p^edtu ■ Ve (4.70) 



2/i + A 

<c f p\et\^ + l I |v0t|2 + c. 



where we have used Cauchy inequality, (|i?T]) . (|4.17p . (|4.34p and (|4.55p . 

Substituting ([i:70|) into (gSH), we have 

Vh<\ f \Vet\^ + C [ p\et\^ + C [ Idivnl^ + C. (4.71) 

O Jr3 JR3 7k3 

Similar to V2, for y/4 and we deduce 

Vh + Vl5<C\\Vu\\L2\\Vu\\L3\\et\\Le+C [ \Vu\^\9t\+C [ |V'u|^ + -^ / iVOtl"^ 



^4 / |Vef|2 + C||Vt6||i2||ei||i6 +C||V7x||\s||^t||i6 +C 
lb Ls- 



<^ I iV^il^ + C (||Vtt||i2 + 1) ||V0t||i2 + c 



1 

16 



(4.72) 



where we have used Holder inequality, integration by parts, Cauchy inequality, ()4.17p . (I4.55p . the 
interpolation inequality and Sobolev inequality. 

Putting (lOTp . (fOHjl . (liTTTD and (11772]) into (fOB . we have 



/ p\et\^+ [ \vet\^ <c(\\dwu\\L^ + \\vu\\l2 + i) [ p\e. 

+ C7 / (|Vu|2 + |v20|^) + C. 



(4.73) 



By ()4.73p , ()4.34p , (j4.55p and Gronwall inequality, we complete the proof of Lemma 14.61 □ 
Corollary 4.7 Under the conditions of Theorem \ 2. cl.^ and ( |^. j[ ), it holds that for any T G [0,T*) 

sup / IV^^P < C. (4.74) 

0<t<T Jr3. 

Proof. It follows from (fOSl) . (fOI) . (jHZD, (|i35]l . (fOO]) and the interpolation inequality 

that 

\\V^e\\L2 < C\\^9t\\L2 + C\\^u ■ V9\\l2 + c<c. 

□ 
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Lemma 4.8 Under the conditions of Theorem \ 2. 3. 2\ and jp, it holds that for any T £ [0,T 



for I = 2,q. 



sup {\\Vphi + \\pt\\L')<C, (4.75) 

0<t<T 



Proof. The proof of the lemma is similar to the arguments as in [20\ [36] . We omit it for brevity. 

□ 

Corollary 4.9 Under the conditions of Theorem \2. 3.2\ and (f^.i[ j, it holds that for any T G [0,T*) 

sup / (p|ni|2 + |v2n|2) + r {WutWl, + ||(n, < C. (4.76) 
o<t<rjR3 Jo 

Proof. Replacing / in (I4.25P by u, and using the elliptic estimates, (14. Ij) . (I4.34p . (j4.55l) and 
(jiT5|) . we get 

llV^nlli^ <||Vcurl7.||^2 + ||Vdivn||i2 < \\VG\\l2 + ||VP(/>, 0)11^2 + 1 
<||Vp||i2 + ||Ve||i2 + l<C. 

It follows from (jUJ, (jUT]), (Oi]l . (Ii35]l and ()i7m that 

/ P\nt?< I P\u?+ I /9|n-Vn|2<C, 

7r3 J]r3 Jr3 

and 

f I |Vn,|2<r/" \Vu\^+f[ \V{u-Vu)\'<C. 
Jo Jo JR3 Jo Jr3 

By (f2XT]l 9. Holder inequality, (gl]), (0331), Sobolev inequality, (liTill and (liTSjl . we get 



*iiv'niiL < riiHiL+ riivp(p,0)iiL< riit^iii6+ riivpiii,+ rnv^ni 

Jo Jo Jo Jo JO 



< r iiv^iii. + r iiv^iii, + f \\v'9\\i, +i<c. 

Jo Jo Jo 



Li 

(4.78) 



Using (|2.3.ip 9. Holder inequality, (|4.ip . (j4.34p . Sobolev inequality and (|4.74p again, together with 
Km . (iron . (lOTIl . (ICTP and we get 



f W^'eWh < t \\p0t\\h + f\\pn-ve\\l,+ f\\p9diYu\\l+ f\\\v 

Jo Jo Jo Jo Jo 

<C I \\\Vuml^ + C<C [ \\Vu\\l^ \\Vu\\l, + C 
Jo Jo 



,2||2 



<C7 / \\v\\\l^+C < C. 





□ 



By (ICTTp . (jrai) . (lOTjl . (ICTjl . ()i7FiD and ()i775D . we get (j321) and (g^]). Thus, the proof of 
Theorem 12.3.21 is complete. □ 
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